We give an algorithm to write down all conformally invariant differential operators acting between scalar functions on Minkowski space. All operators of order k are nonlinear and are functions on a finite family of functionally independent invariant operators of order up to k. The independent differential operators of second order are three and we give an explicit realization of them. The applied technique is based on the jet bundle formalism, algebraization of the the differential operators, group action and dimensional reduction. As an illustration of this method we consider the simpler case of differential operators between analytic functions invariant under the modular group. We give a power series generating explicitly all the functionally independent invariant operators of an arbitrary order.
Introduction
It is well-known that the Maxwell equations are conformally invariant. This motivates a permanent interest in studying the conformal classes of metrics, conformally invariant operators and structures. The Maxwell differential operator is linear and so it is a splitting operator between two (infinitely dimensional) linear representation of the conformal group. There are many papers in the literature treating the splitting operators between different representations of the conformal group. They generalize the Maxwell operator with respect to this invariance property. These considerations are based on the study of the structure of the linear representations and their subrepresentations.
The approach applied in the present work is different. It is based on jet bundles technique( [3] , [5] , [6] ). The jet lifting of functions (or sections) plays a role of an universal differential operator. The differential operators are viewed as a composition of a jet lifting and a fibre-preserving map (a morphism for the case of linear operators) between vector bundles. This procedure algebraises the differential operators and after this the invariance means invariance of these maps (morphisms). During the next step the technique of group action and dimensional reduction is used to describe the invariant fibre-preserving maps (sections). A crucial point is the study of the action of stationary subgroup of some point on the jets of smooth sections at this point. This contains elements of the Catastrophe theory in the sense of R. Thom and V. Arnold (see [1] , [2] ). If the steps have been done explicitly this prescription gives all invariant operators including the nonlinear ones.
In our case (differential operators acting on scalar functions on Minkowski space) the main result is the following: all invariant operators are nonlinear of order equal or higher than two (we exclude the trivial case of zero order operators). For the second order (n = 2) there are three independent differential operators (see (37),(38) and (39)). Any other invariant operator of order two is a function of three variables of them. Similar, for n = 3 there are 23 independent operators: the previous three and 20 more of order three. Every invariant operator up to order three is a function of these universal operators. For the case of an arbitrary finite order n there exists a finite complete system of independent conformally invariant operators up to order n i.e. they generate all other invariant operators up to the corresponding order.
In the simpler case of differential operators between analytic functions, invariant under the modular group the result is similar. All invariant operators are nonlinear. Any invariant operator can be written as a function of n − 2 basic ones whose order don't exceed n. We construct a power series generating the family of independent invariant differential operators. The invariant operator of order three is closely related to the Schwarz derivative (there is a difference because the Schwarz derivative takes values in the quadratic differentials).
General Scheme
Let ξ = (E, p.M ) be a vector bundle, G-a connected Lie group with a given action on ξ by bundle morphisms
where ξ x = p −1 (x) is the fibre over x ∈ M . In local coordinates the action of G is
The group G has a natural action on C ∞ (ξ)-the infinite-dimensional vector space of all smooth sections
In the coordinates (
A natural problem is the description of the vector subspace, denoted by
or equivalently
In the general case the description of all G-invariant sections is hardly possible. But under some natural requirements imposed on the group actions it may be simplified. There is a "smaller", reduced bundle denoted by ξ G and an one-to-one correspondence between the G-invariant sections of ξ (elements of C ∞ (ξ) G ) and the (smooth) sections (without any restriction) of the reduced bundle ξ G . The abstract algebraic construction of ξ G consists of two steps. Let H x0 = {h ∈ G|t h (x 0 ) = x 0 } be the stationary subgroup of the point x 0 ∈ M . For x = x 0 the G-invariance condition (4) is
As a matter of fact, this is a restriction on the values of the G-invariant sections at any given point
} be the vector subspace of all fixed vectors. We assume that the set of all st(ξ) x , x ∈ M is a vector subbundle st(ξ) ⊂ ξ. This is a condition on the action of G. Obviously,
The explicit construction of the stationary subbundle st(ξ) is crucial point where the new structure of reduced bundle arises. This is the most difficult step in our approach.
The second step consists in taking the quotient of the base M for the bundle st(ξ). We suppose that the action t g of G on M has a one type orbits and M is the total space of a smooth locally trivial bundle denoted by (M, π, M/G) of homogeneous spaces. This is another condition on the action of the group G. Let an orbit of the group G pass through x, y ∈ M , i. e. ∃ g ∈ G : y = t g (x). If ψ ∈ C ∞ (ξ) G the value ψ(y) is determined by the value of the section at x (in accordance to the invariance condition (4))
Let (M, π, M/G) be a trivial bundle and N be a global section-N is a submanifold of M transversal to the orbits. Because of the relation (6), a G-invariant section ψ is completely determined if we know the restriction ψ|
The element g ∈ G is not determined uniquely by y and x. But because ϕ(x) ∈ st(ξ) x the value ψ(y) is determined uniquely. The restriction st(ξ)| N is a coordinate realization of the bundle ξ G . If we consider another submanifold N ′ ⊂ M transversal to the orbits in M , the corresponding restriction st(ξ)| N ′ is another coordinate realization. There is a canonical isomorphism st(ξ) N ′ ≈ st(ξ))N induced by the group action. This procedure sews the abstract reduced bundle from the coordinate realization. If (M, π, M/G) isn't trivial the construction of ξ G is analogous but slightly complicated. We have to sew local coordinate realizations. The (smooth) sections of reduced bundle are in one-to-one correspondence to G-invariant sections. We shall reduce the problem of describing the invariant differential operators to the of description of invariant sections in appropriate jet bundles.
Consider two bundles ξ and η over the same base M with the group G acting on both of them with the same projection t on M . The action of G on the sections C ∞ (ξ) and C ∞ (η) induces an action on the differential operators D :
We use for simplicity the same notation for the actions of G on ξ and on η . The invariance condition is
The problem we consider is the description of all invariant differential operators. This problem transforms into the problem we studied before by using the jet bundle technique (for more details concerning jet bundles see [3] , [4] , [5] , [6] ). Let the differential operator D be of order (up to) k and linear. It is defined on the sections C ∞ (ξ). We denote with J k (ξ) the corresponding k-jet bundle of ξ. Let (x µ , u a ) be (local) coordinates in ξ. This coordinates induce coordinates in
, where the indices are ordered
Any linear differential operator is completely determined by its general symbol, i.e. the bundle morphism D : J k (ξ) → η (over the identity on M ). Using some natural isomorphisms, one can view the general symbols as sections in the tensor product bundle J k (ξ) * ⊗ η. The set of all linear differential operators of order up to k corresponds one-to-one to the (smooth) sections
of an universal differential operator of order (up to) k. An arbitrary linear differential operator
If D is a nonlinear operator then its general symbol is a fibre-preserving map D :
The action of the group G in the bundle ξ induces another action of G in the corresponding jet bundle J k (ξ)(so-called jet lifting of the action). So we have an action of G in the tensor product
operator is invariant if and only if its general symbol is an invariant section in J k (ξ) * ⊗ η. So the jet bundle technique gives an algebraization of the (linear) differential operators. If we construct the reduced bundle of J k (ξ) * ⊗ η this will provide a description of all invariant operators. In the nonlinear case general symbol mathscrD is a fibre-preserving map. At any point x ∈ M the restriction D x : J k (ξ) x → η x is a smooth (nonlinear) map. The description of the G-invariant nonlinear operators is similar to the linear case. We study the action of the stationary subgroup H x0 on the space C ∞ J k (ξ) x0 , η x0 --the space of all smooth maps J k (ξ) x0 → η x0 and then we have to find the fixed elements in it. We use this scheme to describe all conformally invariant differential operators acting on Minkowski space. As a simple illustration we will consider the two dimensional algebraic conformal case. In this cases the base M is a homogeneous space. The reduced bundle ξ G consists of one fibre over one point. The crucial point is to find the stationary elements of C ∞ (ξ) x0 for only one point.
Illustrative example
In this example the base M is the complex plane C. The group is GL(2, C), the action t g on C is
We consider the space of analytical functions and differential operators between analytical functions. The analytical functions may be viewed as analytical section on trivial line bundles over C. In coordinates (z, u) the action of G for scalar functions is
This corresponds to the action on scalar functions-through the argument. The problem is to describe all GL(2, C)-invariant differential operators from scalar functions to scalar functions. The invariance condition now reads
The complex plane is a homogeneous space, because the translations in C are a subgroup of GL (2, C)
We choose z 0 = 0 the stationary subgroup H 0 is
The fibre J k (ξ) 0 is the set of all k-jets at z = 0 of the analytic functions of a single variable. The k-jet is the Taylor expansion up to order k
We assumed that u 0 = 0 for simplicity (without loss of generality). If
The action of the stationary subgroup H 0 on the fibre J k (ξ) 0 is defined by
The bar over the right hand side of (13) indicates that the composition is truncated, i.e. all monomials of higher order than k have been ignored. The jet of a composition of functions is a composition of the jets of the functions. On the other hand, the truncated Taylor expansion has the form
The transformation h(u 1 , . . . , u k ) = (w 1 , . . . , w k ) is determined by the equation
For example, the transformation of the jet of forth order is
Because we consider scalar functions we must describe J k (ξ) 0 → C invariant under the action H 0 . Let J k (ξ) 0 /H 0 be the quotient space and π :
invariant one if and only if it exists another mapD
is commutative. In this sense the canonical projection π is an universal H 0 -invariant map. The components of π (in any coordinates in the quotient space) are invariant. Any H 0 -invariant map is a function of the components of π.
To describe the quotient space means we must find a canonical representative in every orbit of H 0 . The jets with u 1 = 0 is an invariant subspace. Considering the general case with u 1 = 0 in each orbit there is an unique representative with u 1 = 1 and u 2 = 0. The projection on this canonical representative is given by the element h ∈ H 0 with a = 1/u 1 , c = u 2 /2u 1 more precisely
The coefficients w l are coordinates in the quotient space
The coefficients w l are the general symbols of the H 0 -invariant differential operators at z = 0. Since the translations act trivially on the k-jets they look exactly the same at any point of C.
If we consider the infinite order jets following the previous method we can obtain the following generating power series
The functions w l = w l (u 1 , u 2 , . . . , u l ), l = 3, 4, . . . are components of the canonical projection π. According to the previous remark the corresponding differential operators are universal (a complete system of invariants). Any invariant differential operator up to order k is a function of them. The invariant differential operators corresponding to the symbols (19) and (20) look as follows
We must consider the action of H 0 on the jets
→ R, i.e. we have to describe the canonical projection π :
/H 0 . First nontrivial case is k = 2. The 2-jet of a smooth function f is
The coordinates in the space
be a diffeomorphism with a fixed point x = 0. The second order jet of ϕ at
is arbitrary. The action of the diffeomorphism ϕ on the space
A special case is the action of the stationary subgroup H 0 . We have for dilatation
For the rotations
For the special conformal transformations ϕ
And the action is
where b µ = η µν b ν . We will describe the quotient space J 2 R . At this step we assume that u 2 := η µν u µ u ν < 0. By dilatation choosing λ = 1/ (−u 2 ) we obtain another representative of the same equivalence class
By a special hyperbolic rotation
where
In the case of 2-jets looking like (33) the action (30) reads
This formula enables us to choose a β = w 0β /2 and that way we get another "more canonical" representative The unordered triple of eigenvalues (λ 1 , λ 2 , λ 3 ) are coordinates in the quotient space J 2 (R 4 ) 0 /H 0 , that is they describe completely this quotient space. As coordinates we may choose the elementary symmetric polynomials σ 1 = λ 1 + λ 2 + λ 3 , σ 2 = λ 1 λ 2 + λ 1 λ 3 + λ 2 λ 3 , σ 3 = λ 1 λ 2 λ 3 .
The most convenient coordinates are power sums because of their form S k (λ 1 , λ 2 , λ 3 ) = T r(w k ), k = 1, 2, 3.
The numbers S 1 ,S 2 and S 3 are coordinates of the equivalence class of the jet we started from. To obtain them as explicit functions of the initial jet we must take the composition The functions D k = T r w k = D k (u α , u α1α2 ) are the general symbols of the invariant operators at x = 0. Since the translations act trivially on the jets the differential operators look in the same way at any point in the Minkowski space. The final result is
(37)
